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Abstract

This paper presents a novel reversible gate called Nayeem gate (NMG) which is parity preserving, that is, the parity
of the outputs matches that of the inputs. One of the most widely used gates in reversible logic is Toffoli gate but it is
not parity preserving. The most significant characteristic of NMG is that it can work singly as a parity preserving

reversible Toffoli gate. The proposed gate can be used along with other existing parity preserving gates to synthesize
circuits that detect a single error at primary outputs of a circuit. The applieations of the proposed gate are
demonstrated by realizing various types of adders such as full adder, ripple carry adder and carry skip adder. It has
been shown that the proposed designs perform better than existing counterparts in terms of number of gates,

number of garbage outputs, delay and quantum cost.
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around 2.9x107" J which is small but not negligible. Further,
Bennett [3] showed that zero energy dissipation would be
possible if the network consists of reversible gates only. The
major application of reversible logic is in quantum
computation as quantum circuits must be reversible [4].
Quantum  computation is gaining popularity as some
cxponentially hard problems can be solved in polynomial
ume [5]. Reversible logic has also found its applications in
several technologies, such as optical computing, ultra low
power CMOS design and nanotechnology. Thus research in
reversible logic is essential for the development of future
technologies.

Reversible circuit is fundamentally different from traditional
ireversible one as fan out is not allowed in reversible logic.
Consequently, making a reversible circuit fault tolerant is
much more complex than an irreversible logic circuit. Parity
checking is one of the most widely used techniques for error
detection in digital logic systems. If calculation is carried out
in such a way that the parity of the input data is preserved

during the computation and, hence, at the output,
mtermediate checking is not necessary.  Parhami  [6]
discussed the feasibility of the parity preserving approach in
reversible logic circuits to detect single fault. This paper
presents a novel fault tolerant gate called Nayeem gate

(NMG) which is a new member in the family of panty

serving reversible gates

To synthesize reversible fault

tic logic unit, adders with fault toleration are
efficient approach to

Il play an important role in
ault tolerant quantum computers.

2. BASIC IDEAS OF REVERSIBLE LOGIC

This section describes basic definitions and ideas related to
reversible logic along with the analysis of quantum cost.

Reversible Gate is a k-input, k-output (denoted by k x k)
circuit that produces a unique output pattern for each
possible input pattern [7].

Let for any k x k reversible gate, the mput vector be /,,
output vector O, and they are defined as follows, /, = (1y.1;,
5o Ly, Iy) and O, = (On O, Oy ... Oy, O. There is a
one to one correspondence between the vector of inputs and
outputs, i.e., it can generate unique output vector from each
input vector and vice versa. We denote this relationship as:
[0,

Unwanted or unused output of a reversible gate (or circuit) is
known as Garbage Output.

Feynman gate (FG) [8] is used to perform Exclusive-OR
between two inputs. But in that case, one extra output will be
generated as well, which is the garbage output as shown in
Fig. 1 with *
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Fig. 1: Feynman Gate

Every reversible gate can be calculated in terms of quantum
cost and hence the reversible circuits can be measured in
terms of quantum cost. The guantum cost of every 2x12 gate
is the same and the cost is unity [9, 10]. A 1=] gate costs
nothing and every quantum gate can be realized from 1x1
and 2x2 gates and its cost calculated as a total sum of 2x2
gates used [9].

The quantum cost of FG is 1 and the quantum cost of
Feynman Double Gate (F2G) [6] is 2.

A P=A
B F2G =ASE
S -R=AGC

Fig. 2: Feynman double-gate (F2G)

Parity Preserving Reversible Gate is a reversible gate for
which the parity of the outputs is equal to that of the inputs
[6]. In other words, imput parity is preserved at the output
bits. As the reversible gates have the same number of inputs
and outputs, a sufficient condition for designing parity
preserving reversible circuits with such gates is that each
gate must be parity preserving [6]. Fredkin Gate (FRG) [11]
of Fig. 3 and Feynman Double Gate (F2G) of Fig. 2 are
parity preserving reversible gates because each of these two
gates satisfies the relation A@B@C =P®Q®R. Itis to
be noted that well known Toffoli Gate (TG) [12] of Fig. 4 is
not parity preserving, it can be proved by comparing the
input parity (A @ B® C) to the output parity (P® Q ® R).

Ab] > p=A
= FRG Q=AB®BAC
= R=ACEAB

Fig. 3: Fredkin gate (FRG)

A > P=A
g TG |»0g=B
Cc—H > R=AB®C

Fig. 4: Toffoli gate (TG)

3. Proposed 4x4 Parity Preserving Reversible Gate

This paper proposes a 4x4 reversible gate called Nayeem
gate (NMG) which is shown in Fig. 5. This gate is defined as
I.= (4, B, C, D) and O,=(P=4, O=B®D , R= ADD 4B,
S= AD® AR® C ), where [, and O, are the input and output

vectors respectively. The corresponding truth table of the
gate is shown in Table 1. It is obvious from the truth table
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that the imput pattern corresponding to a particular output
pattern can be uniquely determined. It can be verified from
the truth table that the outputs preserve the input parity. In
other words, NMG satisfies the relation A @ B@ C =
P® Q@ R. Quantum equivalent representation of NMG is
shown 1in Fig. 6. Its quantum cost is 7.

A [ p=A

B -+ Q=B&D
NMG i
c R=ADZAB
D

> S=ADSABEC

Fig. 5: Proposed reversible 4x4 Nayeem gate (NMG)
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Fig. 6: Quantum equivalent realization of Nayeem gate (NMG)

Table 1: Truth table of the proposed Nayeem gate
\
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4. Applications of the Proposed NMG

This section describes the applications of the proposed
NMG. NMG can be used to synthesize parity preserving TG,
full adder, ripple carry adder and carry skip adder. It has
been shown that the proposed fault tolerant circuits designed
using the proposed gate are the most optimized one
compared to their existing counterparts in literature.
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4. Sysnthesis of Parity Preserving Toffoli Gate (1G)

TG 1s not parity preserving. One of the important

functionality of the proposed Nayeem gate is that that it can
rk singly as a panty preserving TG. Fig. 7 shows the

mplementation of the proposed gate as the parity preserving

TG.

Ak ‘ﬂ» A
B> ]

| NMG |

> = AB
0k e ARSI

Fig. 7: Proposed NMG working singly as parity
preserving TG

Optimality of the proposed parity preserving TG can be
easily understood from Table 2 which shows the

comparative study with the existing counterparts

Table 2: Comparison of different parity preserving TG
circuits

preserving full adder circuits, thus it can realized by 41 gates,
6n garbage outputs with quantum cost of [ 8n.

Table 3: Comparison of different parity preserving
reversible full adders

No.of Garbage ~ Unit Quantum |
gates Output Delay Cost
xSt i 3 2 3 9
- : 2 1 p 7
R 1 1 7

8 Sysmihesis of Parity Preserving Reversible Full Adder

A full adder 1s a circuit that performs an addition operation
on three bits (A. B and ;) and produces two outputs: a sum
bit (S = A @ B ® C;) and a carry bit (Coy =
ABDB.C;,,® A.Cy). A parity preserving full adder circuit
was proposed by Haghparast er. al. [13]. The design [13]
requires 6 reversible gates, produces 6 garbage outputs,
needs 18 quantum cost, and delay is 0. Proposed Nayeem
gate has also its application in realizing efficient parity
preserving reversible full adder. Fig. 8 shows the proposed
full adder circuit with the help of NMG and F2G gates. The
proposed design uses only parity preserving gates, hence the
adder is panty preserving.

Table 3 shows the comparative analysis of the proposed
parity preserving reversible full adder with the existing
circuits.

C. Sysnthesis of Parity Preserving
Adder

Reversible Ripple Carry

A ripple carry adder is built using full adders connected in
cascade, with the output carry from each full adder hinked to
the input carry of the next full adder in the chain. Using
proposed full adders. Fig. 9 presents an n-bit ripple carry
adder which is parity preserving. It requires n parity

1 No.of | Garbage Unit 77))1.[-zvxntum ‘[
} gates | Output Delay Cost '
| Existing C' xXisting Circuit 7 6 [ 6 18 ‘
[18] |
Proposed Circunit ‘
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Fig. 8: Proposed parity preserving reversible full adder:
(a) structure; (b) block diagram
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Fig. 9: Proposed parity preserving reversible ripple carry adder

D, Sysnthesis of Parity Preserving Reversible Carry Skip
Adder

Carry skip adder is typically divided into m-bit blocks. It
looks for cases m which carry-out of a block is equal to
carry-in. Let, C,, and C,,, be carry-in and carry-out ofa block
respectively. Again let. A; and B; be the inputs to i ' stage
(full adder). Propagation P; = A; @ B,. If either A, or B, 1s 1,
then P, will be 1. If all P, in a block are 1, then block
propagation, Py is |. Py = | allows C;, to “skip” m stages
within block and generates C,,,. Thus if Pyis 1, C, will be
propagated to the C,,,. However, in the other case, C,,, will
be generated in the ripple carry fashion.
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Fig. 10 shows the proposed parity preserving reversible carry
skip adder. The F2G is used to avoid fan out and to produce
two copies of block carry-in (C;,). Each of the four full adder
circuits computes propagation (P;), sum (8;) and stage carry
(C,). The middle three FRGs compute Pg= P;xP,;xP.»<P; As
FRG is a controlled swap gate, if P = 1 then bottom FRG
selects C,, = C;, which is independent of C;, otherwise, C,,,
will be C.. It requires 21 gates, produces 29 garbage outputs
and needs 40 gquantum cost.

Ay By As By

. oA B Ao Ba
i O g WA IO

| ) | -
Parity L Pamty r Parity ' Parity
preserving | ' preserving | preserving | preserving |
full adder J‘ ‘ full adder ‘ full adder full adder ‘
T3 ] ¥ Iy LT ¥
s | %, ] ) C ; |
B |Ps (‘0 % % @S . So Ipy |
A . {__

Fig. 10: Proposed parity preserving reversible 4-bit carry skip
adder block

5. Conclusion

The renowned TG is not parity preserving. Thus it can not be
used in the design of parity preserving reversible circuits.
This paper proposed an optimized way to synthesize TG with
parity preservation by presenting a novel fault tolerant NMG
gate. Parity preserving reversible logic syntheses were
carried out for full adder, ripple carry adder and carry skip
adder using the proposed gate. Efficiency of the proposed
designs was clearly highlighted by means of comparison
tables which prove that the new designs are clearly better
than the existing one. In a nutshell, applications of TG can be
replaced by NMG in parity preserving reversible logic. This
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reversible circuits without much extra design effort and with
modest hardware overhead. This research forms an important
step in the building of complex reversible fault tolerant
circuits for quantum computers. In future, we have the target
to find some other applications of the proposed gate as well
as the simulation results of the circuits using benchmark
functions.

approach provides a way of incorporating fault tolerance mio
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